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GREENBERG ALGEBRAS AND RAMIFIED WITT VECTORS
ALESSANDRA BERTAPELLE AND MAURIZIO CANDILERA
Abstract. Given a complete discrete valued ring O of mixed characteristic and
finite residue field k, we construct a morphism r : RO →WO,k between the Green-
berg algebra of O and the special fiber of the scheme of ramified Witt vectors over
O. We show that it is surjective with pro-infinitesimal kernel.
Let O be a complete discrete valuation ring with field of fractions K of character-
istic 0 and perfect residue field k of positive characteristic p. We fix a uniformizing
parameter π ∈ O. It is known from [Gre, Lip, BGA] that for any n ∈ N one can
associate a Greenberg algebra Rn to the artinian local ring O/π
nO, i.e., the algebraic
k-scheme which represents the fpqc sheaf associated to the presheaf
{affine k-schemes} → {O/πnO-algebras}, Spec(A) 7→W (A)⊗W (k) O/π
nO.
There are canonical morphisms Rn → Rm for n ≥ m, and passing to the limit
one gets an affine ring scheme RO over k such that W (A) ⊗W (k) O = RO(A) :=
Homk(Spec(A),RO) for any k-algebra A; see (1.1). The Greenberg algebra Rn
is the fundamental stone for the construction of the Greenberg realization of a
O/πnO-scheme X ; this is a k-scheme whose set of k-rational points coincides with
X(O/πnO) [Gre, BGA] and it plays a role in many results in Arithmetic Geometry.
Assume that k is finite. One can define for any O-algebra A the algebra WO(A)
of ramified Witt vectors with coefficients in A [Haz, Dri, FF, Sch]. These algebras
are important objects in p-adic Hodge theory. It is well-known that if A is a perfect
k-algebra, then WO(A) = W (A) ⊗W (k) O (see [Sch, Prop. 1.1.26] for a detailed
proof). Hence WO(A) = RO(A) if A is a perfect k-algebra.
Aim of this paper is to clarify the relation between the Greenberg algebra RO
and the scheme WO of ramified Witt vectors, i.e., the ring scheme over Spec(O)
such that WO(A) = HomO(Spec(A),WO) for any O-algebra A. We show that there
exists a morphism of ring schemes (and in fact of O-algebra schemes) r : RO →
WO×OSpec(k) over Spec(k) which is surjective with pro-infinitesimal kernel; hence,
up to taking inverse perfection, one can identify the Greenberg algebra RO with the
special fiber of the scheme of ramified Witt vectors WO (Theorem 3.2).
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The paper is organized as follows. First we briefly recall the definition of Green-
berg algebras. In Section 2 we introduce the ring scheme of ramified Witt vectors
WO and translate in scheme theoretic language properties of ramified Witt vectors
algebras. Via the classical Drinfeld map u, we explain what happens enlarging
O. For any finite totally ramified extension O′ of O we introduce a new O′-ring
scheme W(O,O′) which plays a crucial role in the relation between RO and WO; the
ring of A-rational sections of W(O,O′), with A an O
′-algebra, is WO(A)⊗O O
′ and a
generalized Drinfeld map u(e) : W(O,O′) → WO′ is studied. Finally, in Section 3 we
construct a morphism r : RO →WO ×O Spec(k) of O-algebra schemes over Spec(k)
which is surjective with pro-infinitesimal kernel (Theorem 3.2).
1. Greenberg algebras
Let W (resp. Wm) denote the ring scheme of (p-typical) Witt vectors of infinite
length (resp. length m) over Spec(Z) and let Wk (resp. Wm,k) be their base change
to Spec(k). Let O be a complete discrete valuation ring with field of fractions K of
characteristic 0 and perfect residue field k of positive characteristic p. Let π ∈ O
denote a fixed uniformizing parameter and e the absolute ramification index so that
O = ⊕e−1i=0W (k)π
i.
The Greenberg algebra associated to the artinian local ring O/πnO, n ≥ 1, is the
k-ring scheme Rn which represents the fpqc sheaf associated to the presheaf
{affine k-schemes} → {O/πnO-algebras}, Spec(A) 7→W (A)⊗W (k) O/π
nO;
it is unique up to unique isomorphism (depending on the choice of π) [Lip, Proposi-
tion A.1]. The explicit description of Rn requires some work in general (we refer the
interested reader to [Gre, Lip, BGA]) but is easy when considering indexes which
are multiple of e. Indeed Rme =
∏e−1
i=0 Wm,k and for any k-algebra A it is
Rme(A) = ⊕Wm(A)π
i =Wm(A)[T ]/(fπ(T )) = Wm(A)⊗Wm(k) O/π
meO;
see [BGA, (3.6) and Remark 3.7(a)], where O is denoted by R, and [BGA, Lemma
4.4] with R′ = O, R = W (k), m = n and Rn denoted by Rn. Hence the addition
law on the k-ring scheme Rme is defined component wise (via the group structure of
Wm,k) while the multiplication depends on the Eisenstein polynomial fπ ∈ W (k)[T ]
of π which twists components.
The canonical homomorphisms O/πneO → O/πmeO, n ≥ m, induce morphisms
of ring schemes Rne → Rme [Lip, Proposition A.1 (iii)] and the Greenberg algebra
associated to O is then defined as the affine k-ring scheme
RO = lim←−
Rme =
e−1∏
i=0
Wk,
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(see [BGA, §5] where RO is denoted by R˜). We have
(1.1) RO(A) = W (A)[T ]/(fπ(T )) = W (A)⊗W (k) O
for any k-algebra A [BGA, (5.4)]; note that by [BGA, Lemma 4.4] the hypothesis A
semiperfect in [BGA, (5.4)] is superfluous since lim
←−m∈N
Rme = lim←−n∈N
Rn.
We will say that RO is an O-algebra scheme over Spec(k) since, as a functor on
affine k-schemes, it takes values on O-algebras.
If e = 1, i.e., if O = W (k), then RO coincides with Wk.
2. Ramified Witt vectors
For any O-scheme X , we write Xk for its special fiber and if f : X → Y is a
morphism of O-schemes and A is an O-algebra, we write fA for f(Spec(A)). We use
bold font for (ramified) Witt vectors or important morphisms.
Assume for this section that k = Fq, q = p
h and write O0 = W (k). For any
O-algebra B one defines the O-algebra of ramified Witt vectors WO(B) as the set
BN0 endowed with a structure of O-algebra in such a way that the map
ΦB : WO(B)→ B
N0 , b = (bn)n∈N0 7→ (Φ0(b),Φ1(b),Φ2(b), . . . ) ,
with Φn(b) = b
qn
0 + πb
qn−1
1 + · · · + π
nbn, is a homomorphism of algebras (here B
N0
is the product ring and O acts via multiplication in each component). Notation is
the one in [Dri, FF], while [Sch] denotes WO(B) by W (B)K .
The above construction provides a ring scheme (and in fact an O-algebra scheme)
WO such that WO(A) = HomO(Spec(A),WO) for any O-algebra A, together with a
morphism of O-algebra schemes Φ : WO → A
(N0)
O induced by the Witt polynomials
Φn = Φn(X0, . . . , Xn) = X
qn
0 + πX
qn−1
1 + · · ·+ π
nXn;
more precisely, if A
(N0)
O = Spec(O[Z0, Z1, . . . ]), andWO = Spec(O[X0, X1, . . . ]) then
Φ∗(Zn) = Φn. In the following Φn : WO → A
1
O will denote the composition of Φ
with the projection on the nth component. If one works only with Φi, 0 ≤ i < n,
one gets an affine ring scheme WO,n isomorphic, via the first nth Witt polynomials,
to AnO.
It is W×Z Spec(Zp) =WZp ; on the other hand W×Z Spec(O) differs fromWO in
general, as we will show below.
2.1. Preparatory results. If B is a flat O-algebra (i.e. it has no π-torsion), then
ΦB is injective and indeed bijective if π is invertible in B [Sch, Lemma 1.1.3].
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If B admits an endomorphism of O-algebras σ such that σ(b) ≡ bq mod πB for
any b ∈ B then the image of ΦB can be characterized as follows
(2.1) (an)n∈N0 ∈ ImΦB ⇔ σ(an) ≡ an+1 mod π
n+1B ∀n ∈ N0;
[Sch, Prop. 1.1.5]. As an example we may take B = O[T ] with σ(T ) = T q. Then
for any polynomial p(T ) it is σ(p(T )) = p(T q) ≡ p(T )q modulo πB since the residue
field of O is Fq.
Lemma 2.2. Let σ : B → B be an endomorphism of O-algebras, ̟ ∈ B an element
such that π ∈ ̟B and f ∈ N. If σ(b) ≡ bq
f
mod ̟B for any b ∈ B, then
σ(Φfn(b)) ≡ Φfn(b
qf ) ≡ Φf(n+1)(b) mod ̟
fn+1B
for all b ∈ WO(B) and n ≥ 0, where b
qf := (bq
f
0 , b
qf
1 , . . . ).
Proof. Since Φf(n+1)(b) ≡ Φfn(b
qf ) mod πnf+1B, only the first equivalence has to
be proved. We first note that σ(b) ≡ bq
f
mod ̟B implies that
σ(bq
r
) ≡ bq
f+r
mod ̟r+1, ∀r ≥ 0,
(cf. [Sch, Lemma 1.1.1]). Hence by (2.1)
σ(Φfn(b)) = σ
(
bq
fn
0 + πb
qfn−1
1 + . . . π
fnbq
f(n−1)
fn + π
fn+1(. . . )
)
≡
σ(bq
fn
0 ) + πσ(b
qfn−1
1 ) + . . . π
fnσ(bq
f(n−1)
fn ) ≡
bq
(n+1)f
0 + πb
qf(n+1)−1
1 + · · ·+ π
fnbq
fn
fn = Φfn(b
qf ),
where the equivalences hold modulo ̟fn+1B. 
Let B be an O-algebra, σ : B → B an endomorphism as in Lemma 2.2 and let
h : Spec(B) → AN0O be a morphism of O-schemes; then h factors through Φ if and
only if there exists a morphism u : Spec(B) → WO such that h
∗(Zi) = u
∗(Φi(X.)).
Now, since h can be identified with an element (h0, . . . ) ∈ B
N0 , where hi = h
∗(Zi),
we can rephrase (2.1) as follows:
(2.3) h factors through Φ⇔ σ(h∗(Zn)) ≡ h
∗(Zn+1) mod π
n+1B ∀n ∈ N0.
Remark 2.4. a) Note that if B has no π-torsion and h factors through Φ, then
it factors uniquely. Indeed, let u, u′ : Spec(B) → WO be such that Φ ◦ u =
h = Φ ◦ u′ and let b, b′ ∈ WO(B) be the corresponding sections. Then
ΦB(b) = ΦB(b
′) and one concludes that u = u′ by the injectivity of ΦB [Sch,
Lemma 1.1.3].
b) Being precise, one should write above Φπ andWO,π since the above construc-
tions depend on π. If ̟ is another uniformizing parameter of O, then by
a) and (2.3) with B = O[X0, X1, . . . ] one deduces the existence of a unique
isomorphism hπ,̟ : WO,π ≃WO,̟ such that Φπ = Φ̟ ◦ h.
GREENBERG ALGEBRAS AND RAMIFIED WITT VECTORS 5
c) Note that if h : GO → A
(N0)
O is a morphism of reduced group (resp. ring)
schemes with GO ≃ A
(N0)
O or GO ≃ A
m
O as schemes, and there exists a
morphism h : GO → WO, unique by point a), such that h = Φ ◦ h then h
is a morphism of group (resp. ring) schemes. Indeed let µG, µW, µA be the
group law on GO,WO and A
N0
O respectively. Since GO×OGO = Spec(C) with
C reduced, in order to prove that h ◦µG = µW ◦ (h×h) : GO×OGO →WO,
it suffices to prove that Φ ◦ h ◦ µG = Φ ◦ µW ◦ (h × h). Now Φ ◦ h ◦ µG =
h ◦ µG = µA ◦ (h× h) = µA ◦ (Φ×Φ) ◦ (h×h) = Φ ◦ µW ◦ (h× h). Similar
arguments work for the multiplication law when working with morphisms of
ring schemes.
As applications of (2.1) and (2.3) we get the existence of the Frobenius, Ver-
schiebung and Teichmu¨ller maps on the Witt schemes as well as of endomorphisms
λ for any λ ∈ O.
Lemma 2.5. For λ ∈ O let fλ be the group endomorphism of A
(N0)
O = Spec(O[Z0, . . . ])
such that f ∗λ(Zn) = λZn. Then there exists a unique group scheme endomorphism λ
of WO such that Φ ◦ λ = fλ ◦Φ.
Proof. Let h = fλ ◦Φ : WO → A
(N0)
O , σ the endomorphism of O[X0, . . . ] such that
σ(Xi) = X
q
i and let X denote the vector (X0, X1, . . . ) ∈ WO(O[X0, X1, . . . ]). By
(2.3) λ exists as soon as λΦn(X
q) ≡ λΦn+1(X) modulo π
n+1 for any n. This is
evident since by Lemma 2.2 Φn(X
q) ≡ Φn+1(X) modulo π
n+1. Uniqueness of λ and
the fact that it is a morphism of group schemes follow by Remark 2.4 a) and c). 
Lemma 2.6. Let f be the ring endomorphism of A(N0) = SpecZ[Z0, Z1, . . . ] such
that f ∗(Zn) = Zn+1. Then there exists a unique ring scheme endomorphism F of
WO such that Φ ◦ F = f ◦Φ.
Proof. Let σ be the endomorphism of O[X0, . . . ] such that σ(Xn) = X
q
n. Then F
exists as soon as the condition in (2.3) is satisfied for h = f ◦Φ, i.e., if Φn+1(X
q) ≡
Φn+2(X) modulo π
n+1 for any n. This is evident since Φn+2(X) = Φn+1(X
q) +
πn+2Xn+2. Uniqueness of F and the fact that it is a morphism of ring schemes
follow by Remark 2.4 a) and c). 
The ring scheme endomorphism F is called the Frobenius. By a direct computa-
tion one checks that for any O-algebra A it is
(2.7) FA(a0, a1, . . . ) ≡ (a0, a1, . . . )
q (mod πWO(A)),
and further if A is a k-algebra
(2.8) FA(a0, a1, . . . ) = (a
q
0, a
q
1, . . . ).
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Lemma 2.9. Let v be the endomorphism of A(N0) = Spec(O[Z0, Z1, . . . ]) such that
v∗(Z0) = 0 and v
∗(Zn+1) = πZn for n ≥ 0. Then there exists a unique O-group
endomorphism V of WO such that Φ ◦ V = v ◦Φ.
Proof. Let σ be the endomorphism of O[X0, . . . ] such that σ(Xi) = X
q
i . Then V
exists as soon as the condition in (2.3) is satisfies for h = v ◦Φ, i.e., if πΦn−1(X
q) ≡
πΦn(X) modulo π
n+1 for any n. This is evident since Φn(X) = Φn−1(X
q) + πnXn.
Uniqueness of V and the fact that it is a morphism of group schemes follow by
Remark 2.4 a) and c). 
The O-scheme endomorphism V is called the Verschiebung of WO. Note that
F ,V induce O-linear endomorphisms FA and VA of WO(A) for any O-algebra A
[Sch, Sect. 1] and that
FAVA = π · idWO(A),(2.10)
VAFA = π · idWO(A) if πA = 0.(2.11)
Further V nA WO(A) is an ideal of WO(A) for any n > 0 where V
n
A denotes the n-fold
composition of VA. Note that WO(A) = lim←−n∈N
WO(A)/V
n
A WO(A) and if A is a
semi-perfect k-algebra V nA WO(A) = π
nWO(A). One shows that
b · VB(c) = VB(FB(b) · c).
Lemma 2.12. Let σ : A1O → A
1
O = Spec(O[T ]) be the morphism of O-schemes such
that σ∗(T ) = T q on global sections and let σ = (id, σ, σ2, . . . ) : A1O → A
(N0)
O . Then
there exists a unique morphism of O-schemes τ : A1O → WO such that Φ ◦ τ = σ.
It is a multiplicative section of Φ0.
Proof. Take in (2.3) h = σ. Then h∗(Zn) = T
qn and the condition (2.3) is satisfied,
whence τ exists. Note that τ may be viewed as an element ofWO(O[T ]). Uniqueness
follows by Remark 2.4 a) and the fact that it is multiplicative can be proved as in
Remark 2.4 c) since σ is multiplicative. Further by construction τ is a section of
Φ0. 
We call τ the Teichmu¨ller map of WO. For any O-algebra B, we have τB : B →
WO(B), b 7→ [b] := (b, 0, 0, . . . ), since ΦB([b]) = (b, b
q, bq
2
, . . . ). Note that σ is not a
morphism of O-group schemes and hence we can not expect that τ is a morphism
of group schemes.
Remark 2.13. For any subset I ⊂ N0 and any O-algebra A, let WO,I(A) denote the
subset ofWO(A) consisting of vectors b = (b0, . . . ) such that bi = 0 if i /∈ I. If J ⊂ N0
satisfies I ∩ J = ∅, then the sum in WO(A) of a vector b = (b0, . . . ) ∈ WO,I(A)
and a c = (c0, . . . ) ∈ WO,J(A) is simply obtained by ”gluing” the two vectors, i.e.,
b + c = d = (d0, . . . ) ∈ WO,I∪J(A) with di = bi if i ∈ I and di = ci if i ∈ J .
For proving this fact, since A can be written as quotient of a polynomial algebra
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over O with possibly infinitely many indeterminates, we may assume that A is π-
torsion free. In this case d is uniquely determined by the condition
∑n
i=0 π
idq
n−i
i =
Φn(d0, . . . , ) = Φn(b0, . . . ) + Φn(c0, . . . ) =
∑n
i=0 π
ibq
n−i
i +
∑n
i=0 π
icq
n−i
i ; since for any
index i either bi or ci (or both) is zero, the above choice of di works. More generally,
if I0, . . . , Ir, are disjoint subsets of N0, and bj are vectors in WO,Ij(A), then the sum
b0 + · · ·+ br is obtained by ”gluing” the vectors bj.
As immediate consequence, any a = (a0, a1, . . . ) ∈ WO(A) can be written as
a =
∑∞
i=0 V
i
A[ai].
Lemma 2.14. Let B be a k-algebra and consider the map
Bn →WO,n(B) :=WO(B)/V
n
BWO(B), (b0, . . . , bn−1) 7→
n−1∑
j=0
[bj ]π
j.
If B is reduced (resp. semiperfect, perfect) the above map is injective (resp. surjec-
tive, bijective). Hence if B is semiperfect (resp. perfect), any element of WO(B) =
lim
←−
WO,n(B) can be written (resp. uniquely written) in the form
∑∞
j=0[bj ]π
j.
Proof. By (2.10), (2.11), (2.7) and Remark 2.13 it is
∑n−1
j=0 [bj ]π
j =
∑n−1
j=0 V
jF j[bj ] =∑n−1
j=0 V
j [bq
j
j ] = (b0, . . . , b
qn−1
n−1 , 0, . . . ), where we have omitted the subscript B. Hence
injectivity is clear when B is reduced. Assume now B semiperfect and let b =
(b0, b1, . . . ) ∈ WO(B). Then
b = (b0, . . . , bn−1, 0, 0, . . . ) + (0, . . . , 0, bn, . . . ) ∈ (b0, . . . , bn−1, 0, 0, . . . ) + V
nWO(B),
and by (2.8)
(b0, . . . , bn−1, 0, . . . ) =
n−1∑
j=0
V i[bi] =
n−1∑
j=0
V iF i[b
1/qi
i ] =
n−1∑
j=0
[b
1/qi
i ]π
i
where b
1/qi
i denotes any q
ith root of bi, which exists since B is semiperfect. Hence
surjectivity is clear too. 
2.2. Drinfeld morphism. Let K ′ denote a finite extension of K with residue field
k′ = Fqf , ring of integers O
′ and ramification degree e; since we don’t work with
absolute ramification indexes in this section, there is no risk of confusion with nota-
tion of Section 1. We fix a uniformizing parameter ̟ ∈ O′ and write π = α̟e with
α invertible in O′. Let
(2.15) Φ′n(X0, . . . , Xn) = X
qfn
0 +̟X
qf(n−1)
1 + · · ·+̟
nXn
be the Witt polynomials defining WO′ and Φ
′ : WO′ → A
(N0)
O′ the corresponding
morphism of O′-ring schemes.
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Proposition 2.16 ([Dri, Prop. 1.2]). There exists a unique morphism u = u(O,O′)
of O′-ring schemes such that the following diagram
(2.17) WO ×O SpecO
′
Φ
O′

u
// WO′
Φ
′

A
(N0)
O′
Πf
// A
(N0)
O′
commutes, where ΦO′ is the base change of Φ to Spec(O
′) and Πf is the ”f -
projection”, mapping (x0, x1, . . . ) to (x0, xf , x2f , . . . ). For any λ ∈ O it is λ ◦ u =
u ◦ λ, i.e., u induces homomorphisms of O-algebras uB : WO(B)→WO′(B).
Proof. Let O[X0, . . . ] (respectively O
′[Y0, . . . ]) be the Hopf algebra of WO (respec-
tively WO′) and let σ be the endomorphism of O
′[X0, . . . ], as O
′-algebra, mapping
Xi to X
qf
i . Let h = Π
f ◦ ×idO′ : Spec(O
′[X0, . . . ]) → A
(N0)
O′ . Then by (2.3) the
morphism of O′-schemes u exists as soon as σ(h∗(Zn)) ≡ h
∗(Zn+1) modulo (̟
n+1).
By definition of h, this condition is equivalent to σ(Φnf (X)) ≡ Φ(n+1)f (X) mod-
ulo (̟n+1), which holds by Lemma 2.2. Hence u exists as morphism of schemes.
Uniqueness follows by Remark 2.4. Since ΦO′ and Π
f are morphism of ring schemes,
the same is u by (2.17) and Remark 2.4 c).
Finally, since both λ ◦ u and u ◦ λ corresponds to the endomorphism of A
(N0)
O′
mapping Zi to λZfi on algebras, the result is clear. 
Note that the commutativity of (2.17) says that for any O′-algebra B and any
b ∈ WO(B) it is
Φ′n(uB(b)) = Φnf(b).
The morphism u is called Drinfeld morphism. Note that we can not expect u to
be an isomorphism in general. Indeed, by [Sch, Lemma 1.1.3], Φ and Φ′ become
isomorphisms on generic fibers (i.e., after inverting ̟) and hence the restriction of
u to generic fibers can be identified with the projection morphism ΠfK ′.
Lemma 2.18. Let τ , τ ′ be the Teichmu¨ller maps of WO,WO′ respectively. Then
u ◦ τO′ = τ
′ where τO′ = τ ×O idO′.
Proof. Let σ = (id, σ, σ2, . . . ) : A1O → A
(N0)
O be the morphism in the proof of Lemma
2.12 and σ′ : A1O′ → A
(N0)
O′ the analogous morphism for O
′; it maps the indeterminate
Zi to T
qfi. Then τ ′ is uniquely determined by the property Φ′ ◦ τ ′ = σ′. Since
Φ′ ◦ u ◦ τO′ = Π
f ◦ΦO′ ◦ τO′ = Π
f ◦ (σ × idO′) = σ
′, the conclusion follows. 
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As a consequence of this lemma and O-linearity, for any O′-algebra B it is
uB(
∑n
i=0[bi]π
i) =
∑n
i=0[bi]π
i and hence
(2.19) uB
( ∞∑
i=0
[bi]π
i
)
=
∞∑
i=0
[bi]π
i,
where [bi] on the left (resp. on the right) is the Teichmu¨ller representative of bi in
WO(B) (resp. in WO′(B)) and π on the right is viewed as element of O
′.
Lemma 2.20. Let F ,F ′ be the Frobenius maps of WO and WO′ respectively. Then
u ◦ (F f × idO′) = F
′ ◦ u, where F f is the f -fold composition of F .
Proof. Let Π′ : A
(N0)
O′ → A
(N0)
O′ be the morphism which maps Zj to Zf(j+1) on algebras.
Since Φ′ ◦F ′ ◦ u = Π′ ◦ (Φ× idO′) = Φ
′ ◦u ◦ (F f × idO′), the conclusion follows by
Remark 2.4 a). 
Lemma 2.21. Let π/̟ denote the group homomorphism of WO′ associated to
π/̟ ∈ O′ as in Lemma 2.5. Then u ◦ (V × idO′) = π/̟ ◦ V
′ ◦ u ◦ (F f−1 × idO′).
Proof. Let this time Π′ : A
(N0)
O′ → A
(N0)
O′ be the morphism which maps Z0 to 0 and Zj
to πZfj−1 if j > 0 and note that Π
′ ◦ΦO′ = π/̟ ◦ V
′ ◦ u ◦ (F f−1 × idO′) ◦Φ
′ =
u ◦ (V × idO′) ◦Φ
′. 
By construction the morphism u = u(O,O′) behaves well w.r.t. base change, i.e.
if O′′/O′ is another extension, then
(2.22) u(O,O′′) = u(O′/O′′ ) ◦ (u(O,O′) × idO′′).
We now discuss the injectivity and surjectivity of uB when B is a k
′-algebra.
Lemma 2.23. Let B be a reduced k′-algebra. Then the homomorphism uB : WO(B)→
WO′(B) of Proposition 2.16 is injective.
Proof. Let Bpf denote the perfect closure of B, i.e., Bpf = lim
−→i∈N0
Bi with Bi = B
and Frobenius b 7→ bp as transition maps. Since B is reduced, the canonical map
φ : B = B0 → B
pf is injective and thus the same is WO(φ). Hence, for proving the
injectivity of uB we may assume that B is perfect. By Lemma 2.14, any element
b of WO(B) is of the form
∑∞
i=0[bi]π
i, bi ∈ B and hence uB(b) =
∑∞
i=0[bi]π
i by
(2.19). Injectivity of uB is then clear since π
i ∈ (V ′B)
eiWO′(B) and WO′(B) has no
π-torsion. 
Note that if O′ 6= O and B is not reduced, then uB is never injective. Indeed let
0 6= b ∈ B such that bp = 0. Then by Lemma 2.21 we have
uB(VB[b]) = α̟
e−1V ′B([b]) = α(V
′
B)
e(F ′B)
e−1([b]) = α(V ′B)
e(0) = 0
if f = 1 and e > 1, and uB(VB[b]) = α̟
e−1V ′B(uB(0)) = 0 if f > 1.
10 ALESSANDRA BERTAPELLE AND MAURIZIO CANDILERA
Under the assumption that the extension O′/O is unramified we can prove a more
precise statement.
Lemma 2.24. Let O′/O be an unramified extension and let B be a k′-algebra. Then
uB : WO(B)→WO′(B) is injective (resp. surjective, bijective) if B is reduced (risp.
semiperfect, perfect).
Proof. With notation as in the proof of Proposition 2.16, let ui = u
∗(Yi) ∈ O
′[X0, . . . , ],
so that Φ′m(u0, u1, . . . ) = Φmf (X0, X1, . . . ). Writing for m ≥ 0
Φ(m+1)f (X0, . . . ) ≡ X
q(m+1)f
0 + · · ·+ π
mXq
(m+1)f−m
m + π
m+1Xq
(m+1)f−m−1
m+1 mod (π
m+2)
and
Φ′m+1(Y0, . . . ) = Y
qf(m+1)
0 + · · ·+ π
mY q
f
m + π
m+1Ym+1
one checks recursively that u0 = X0 and ui ≡ X
qi(f−1)
i mod (π) for i > 0; indeed if
ui ≡ X
qi(f−1)
i mod (π) for 0 ≤ i ≤ m, then
πiXq
(m+1)f−i
i ≡ π
iuq
(m+1−i)f
i mod (π
i+1+(m+1−i)f ),
with i+ 1 + (m+ 1− i)f > i+ 1 +m+ 1 ≥ m+ 2. Hence
0 = Φ(m+1)f (X0, . . . )−Φ
′
m+1(Y0, . . . ) ≡ π
m+1Xq
(m+1)f−m−1
m+1 −π
m+1Ym+1 mod (π
m+2),
thus the claim.
Now, if B is any O-algebra, b = (b0, . . . ) ∈ WO(B) and uB(b) = c = (c0, c1, . . . ) it
is c0 = b0 and ci ≡ b
qi(f−1)
i mod (π). In particular, if B is a k
′-algebra, it is ci = b
qi(f−1)
i
for any i ≥ 0. This implies that uB is injective if B is reduced (as already seen in
Lemma 2.23), surjective if B is semiperfect and bijective if B is perfect. 
Under the assumption that π = ̟e, the homomorphism uB has a still nicer
description. Note that if O′/O is tamely ramified the hypothesis is satisfied up to
enlarging O′.
Lemma 2.25. Let B be a k′-algebra and assume π = ̟e. Then uB : WO(B) →
WO′(B) factors through the subset WO′,eN0(B) consisting of vectors b = (b0, . . . )
such that bj = 0 if e ∤ j. If B is semiperfect its image is WO′,eN0(B), thus in
this hypothesis, WO′,eN0(B) is a subring of WO′(B). If B is perfect then WO(B)
isomorphic to WO′,eN0(B).
Proof. Let Oun be the maximal unramified extension of O in O′. Then by (2.22)
uB = u(O,O′),B is the composition
WO(B)
uO/Oun,B
−→ WOun(B)
u(Oun,O′),B
−→ WO′(B).
By Lemma 2.24 we are reduced to prove the lemma in the case O = Oun; thus we
assume from now on that O′/O is totally ramified.
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With notation as in the proof of Proposition 2.16, let ui = u
∗(Yi) ∈ O
′[X0, . . . , ],
so that Φ′m(u0, u1, . . . ) = Φm(X0, X1, . . . ). Writing
Φn(X0, . . . ) = Φn−1(X
q
0 , . . . ) + π
nXn, Φ
′
n(Y0, . . . ) = Φ
′
n−1(Y
q
0 , . . . ) +̟
nYn,
one checks recursively that u0 = X0, ui ≡ 0 mod (̟) if e ∤ i and une ≡ X
qn(e−1)
n
mod (̟). Hence, if B is any O′-algebra and b = (b0, . . . ) ∈ WO(B), then uB(b) =
c = (c0, c1, . . . ) with c0 = b0, cne ≡ b
qe(n−1)
n mod ̟B and cj ∈ ̟B otherwise. In
particular, if B is a k′-algebra, it is cne = b
qe(n−1)
n for any n ≥ 0 and zero otherwise.
This implies that uB(WO(B)) ⊆WO′,eN0(B) with equality if B is semiperfect. 
2.3. Extension of Drinfeld morphism for totally ramified extensions. We
keep notation as in Section 2.2 and assume that O′/O is totally ramified, i.e., k =
k′. Let O0 = W (k) and let f̟ ∈ O[T ] be the Eisenstein polynomial of ̟. For
any O′-algebra B, we can extend Drinfeld homomorphism uB by O
′-linearity to a
homomorphism of O′-algebras
(2.26) u
(e)
B : WO(B)⊗O O
′ → WO′(B),
e−1∑
i=0
bi ⊗̟
i 7→
e−1∑
i=0
uB(bi)̟
i,
where we have used that O′ = ⊕e−1i=0O̟
i as a O-module for writing WO(B) ⊗O O
′
as a free WO(B)-module with basis 1, ̟, . . . , ̟
e−1.
We now show that u
(e)
B comes from a morphism of O
′-ring schemes. Let
(2.27) W(O,O′) =
( e−1∏
i=0
WO
)
×O Spec(O
′) =
e−1∏
i=0
(
WO ×O Spec(O
′)
)
where the first product is taken over Spec(O) and the second over Spec(O′). Clearly
W(O,O′)(B) =
∏e−1
i=0 WO(B) = ⊕
e−1
i=0WO(B)̟
i = WO(B)⊗O O
′. The scheme W(O,O′)
is then endowed with a ring structure over Spec(O′) where the addition law is defined
component wise using the addition law of WO and the multiplication law is defined
via the multiplication on WO and the Eisenstein polynomial f̟; this construction
resembles the ring structure of RO′(B) in Section 1 and for this reason we are
interested in it.
Lemma 2.28. Let O′/O be a totally ramified extension of degree e. There exists
a unique morphism u(e) = u
(e)
(O,O′) of ring schemes over O
′ making the following
diagram
W(O,O′)
∏
iΦO′

u
(e)
//WO′
Φ
′
∏e−1
i=0 A
(N0)
O′
Π
′
// A
(N0)
O′
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commute, where Π
′
: SpecO′[Zj,i]0≤j,0≤i<e → Spec(O
′[Z0, Z1, . . . ]) is defined by Zj 7→∑e−1
i=0 ̟
iZj,i on algebras. By construction, for any O
′-algebra B the evaluation of
u(e) at B-rational sections coincides with u
(e)
B .
Proof. Let O′[Xj,i]0≤j,0≤i<e denote the algebra of the affine scheme W(O,O′) and let
Φj,i ∈ O[Xj,i] denote the jth Witt polynomial of the ith component. Let σ be the
endomorphism of O′[Xj,i] mapping Xj,i to X
q
j,i. By (2.3), the morphism u
(e) exists
if
∑e−1
i=0 ̟
iΦn,i(X
q
j,i) ≡
∑e−1
i=0 ̟
iΦn+1,i(Xj,i) modulo (̟
n+1). This is clear by Lemma
2.2. Uniqueness follows by Remark 2.4 a). Now for any b0, . . . , be−1 ∈ WO(B), it is
Φ′(u(e)(b0, . . . , be−1)) = Π
′(Φ(b0), . . . ,Φ(be−1)) =
e−1∑
i=0
Π(bi)̟
i =
e−1∑
i=0
Φ′(u(bi))̟
i = Φ′(
e−1∑
i=0
u(bi)̟
i),
hence the evaluation of u(e) at B-rational sections coincides with the homomorphism
of O′-algebras u
(e)
B ; thus u
(e) a morphism of O′-algebra schemes over Spec(O′). 
Note that if
∏e−1
i=0 A
(N0)
O′ is endowed with the product ring structure the vertical
morphism
∏
iΦO′ in the above lemma is only a morphism of O
′-group schemes. If
we wish
∏
iΦO′ to be a morphism of ring schemes we have to endow the
∏e−1
i=0 A
(N0)
O′
with a multiplication law which twists the components according to the Eisenstein
polynomial f̟.
We now discuss the injectivity and surjectivity of u
(e)
B .
Proposition 2.29. Let O′/O be a totally ramified extension of degree e and let B
be a k′-algebra. If B is reduced (resp. semiperfect, perfect) then
u
(e)
(O,O′),B : WO(B)⊗O O
′ →WO′(B),
e−1∑
i=0
bi ⊗̟
i 7→
e−1∑
i=0
u(O,O′),B(bi)̟
i,
with bi ∈ WO(B), is injective (resp. surjective, bijective).
Proof. For the injectivity, we may assume that B is perfect as in the proof of Lemma
2.23. Let x =
∑e−1
i=0 bi ⊗ ω
i with bi =
∑∞
j=0[bi,j]π
j ∈ WO(B) by Lemma 2.14. Then
by (2.19) it is u
(e)
B (x) =
∑e−1
i=0
∑∞
j=0[bi,j ]π
j̟i and, since πj̟i ∈ (V ′B)
eiWO′(B),
injectivity follows.
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Now we prove surjectivity in the case B is semiperfect. Recall from Lemma 2.14
that any element of WO′(B) can be written in the form
∞∑
j=0
[aj ]̟
j =
e−1∑
i=0
∞∑
h=0
[ahe+i]π
h̟i/αh
It suffices to check that
∑∞
h=0[ahe+i]π
hα−h is in the image of u
(e)
B for all i. Note that
the series
∑∞
h=0[ahe+i]⊗ π
hα−h is indeed in WO(B)⊗O O
′ since
WO(B)⊗O O
′ ≃
(
lim
←−
m
WO(B)/π
mWO(B)
)
⊗O O
′ ≃
lim
←−
m
(
(WO(B)/π
mWO(B))⊗O O
′
)
= lim
←−
m
WO(B)⊗O O
′/πm (WO(B)⊗O O
′) ,
where the first isomorphism follows by Lemma 2.14 and the second by the fact that
O′ is a finite free O-module. Now by O′-linearity of u
(e)
B and Lemma 2.18
u
(e)
B
( ∞∑
h=0
[ahe+i]⊗ π
hα−h
)
=
∞∑
h=0
[ahe+i]π
hα−h,
and we are done. 
Since by Lemma 2.24 W (B) = WZp(B) is isomorphic to WO0(B) if B is a perfect
k-algebra and O/O0 is totally ramified, we get (see also [Sch, Prop. 1.1.26])
Corollary 2.30. Let B be a perfect k-algebra and e the absolute ramification of O.
Then
u
(e)
B : W (B)⊗O0 O →WO(B)
is an isomorphism. In particular u
(e)
k : O →WO(k) is an isomorphism.
We can now generalize Lemma 2.25.
Proposition 2.31. Let O′/O be a totally ramified extension of degree e. Assume
π = ̟e and let B be a k′-algebra. Then the homomorphism
u
(e)
B : WO(B)⊗O O
′ = ⊕e−1i=0WO(B)̟
i →WO′(B),
e−1∑
i=0
bi̟
i 7→
e−1∑
i=0
uB(bi)̟
i,
bi ∈ WO(B), maps the component WO(B)̟
i into WO′,i+eN0(B) and it is injective
(resp. surjective, bijective) if B is reduced (risp. semiperfect, perfect).
Proof. We have seen in Lemma 2.25 that for any b ∈ WO(B) it is uB(b) ∈ WO′,eN0(B);
hence by (2.10) uB(b)̟ ∈ VWO′,eN0(B) = WO′,1+eN0(B) and recursively uB(b)̟
i ∈
WO′,i+eN0(B). Note further that the subsets eN0, 1 + eN0, . . . , e − 1 + eN0 form a
partition of N0 so that the sum
∑e−1
i=0 uB(bi)̟
i is simply obtained by ”glueing” the
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components of each vector uB(bi)̟
i = V iBF
i
BuB(bi) (see Remark 2.13). As a conse-
quence the injectivity (resp. surjectivity) statement follows from Lemma 2.23. 
2.4. Perfection. Let Xk be a k-scheme and denote by X
pf
k the (inverse) perfection
of Xk, i.e. the perfect k-scheme obtained as inverse limit of copies of Xk with
Frobenius as transition map. Note that Xpfk can also be viewed as the projective
limit of X
(p−n)
k along the relative Frobenius (which is a k-morphism) and for any
perfect k-scheme Zk it is
(2.32) Homk(Zk, Xk) = Homk(Zk, X
pf
k ),
[BGA2, Lemma 5.15 and (5.5)].
Lemma 2.33. Assume that the extension O′/O is unramified. Then Drinfeld mor-
phism u = u(O,O′) restricted to special fibers is a universal homeomorphism with
pro-infinitesimal kernel and it induces an isomorphism upfk′ : (WO,k×k Spec(k
′))pf →
WpfO′,k′ on perfections.
Proof. By Lemma 2.24 uk is universally injective (resp. surjective) since uL is injec-
tive for any field extension L of k (resp. surjective for any perfect field extension L
of k) (cf. [EGA I, Prop. 3.7.1 and Prop. 3.6.2]). Further uk is integral with kernel
Spec(k[X0, X1, . . . , Xi, . . . ]/(X0, X
qf−1
1 , . . . , X
qi(f−1)
i , . . . )
by the very explicit description of uk in the proof of Lemma 2.24. Hence uk is a
universal homeomorphism [EGA IV4 , 18.12.11] with pro-infinitesimal kernel.
We write WO,k′ for the base change of WO,k to Spec(k
′). Note that by Lemma
2.24 the isomorphism uB : WO(B) → WO′(B) with B the k
′-algebra of the affine
k′-scheme WpfO′,k′ gives a bijection
Homk′(W
pf
O′,k′,WO,k′) = Homk′(W
pf
O′,k′,WO′,k′)
which may be written via (2.32) as a bijection
Homk′(W
pf
O′,k′,W
pf
O,k′) = Homk′(W
pf
O′,k′,W
pf
O′,k′).
Then upfk is an isomorphism whose inverse is the morphism v
pf
k associated with the
identity of WpfO′,k′ via the above bijection. 
With similar arguments one shows the generalized result.
Proposition 2.34. Let O′/O be a totally ramified extension of degree e. The mor-
phism u(e) : W(O,O′) → WO′ induces a universal homeomorphism on special fibers
with pro-infinitesimal kernel. Further, the morphism u
(e)
k induces an isomorphism
of perfect k-ring schemes (u
(e)
k )
pf : Wpf(O,O′),k →W
pf
O′,k.
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Proof. We prove in Lemma 2.35 that u
(e)
k is an integral morphism with pro-infinitesimal
kernel. For the rest, the proof goes exactly as the proof of Lemma 2.33 using Propo-
sition 2.29 in place of Lemma 2.24. 
We are then left to prove the following:
Lemma 2.35. Assume k = k′. Then the morphism u
(e)
k : W(O,O′),k → WO′,k is
integral with pro-infinitesimal kernel.
Proof. With notation as in the proof of Lemma 2.28, let ui = u
(e)∗(Yi) ∈ O
′[Xj,i], so
that Φ′n(u0, u1, . . . ) =
∑e−1
i=0 ̟
iΦn,i. We claim that
une+i ≡ α
nXq
n(e−1)+i
n,i + rne+i mod (̟)(2.36)
≡ tne+i mod (̟)
where α := π/̟e is a unit in O′ and rne+i ∈ O[Xm,l, 0 ≤ me + l < ne + i],
tne+i ∈ O[Xm,l, 0 ≤ me+ l ≤ ne+ i]. Note that once the claim is proved, one proves
by induction that Xn,i is integral over k
′[Y0, Y1, . . . ], thus u
(e)
k is integral. Further
the kernel of u
(e)
k is then given by the pro-infinitesimal subscheme
Spec(k[Xn,i;n ∈ N0, 0 ≤ i < e]/(α¯
nXq
n(e−1)+i
n,i + r¯ne+i;n ∈ N0, 0 ≤ i < e)),
where α¯ is the image of α in k and r¯ne+1 is a polynomial with coefficients in k in
the indeterminates Xm,l with me + l < ne + i.
It suffices then to prove the claim.
We proceed by induction. The base case ne + i = 0 is true since u0 = Φ
′
0(u0) =
Φ0,0+̟(. . . ) = X0,0+̟(. . . ). For the general case, assume the claim is proved for
all indexes strictly smaller than ne+ i. Note now that
(2.37) Φ′ne+i(u.) = Φ
′
ne+i−1(u
q
0, . . . , u
q
ne+i−1) +̟
ne+iune+i =
e−1∑
j=0
̟jΦne+i,j(X·,j),
and that the indeterminate Xs,j, s ≤ ne + i, 0 ≤ j < e, only appears on the right
hand side in the monomial
̟jπsXq
ne+i−s
s,j = ̟
se+jαsXq
ne+i−s
s,j .
If s > n then the ̟-order of its coefficient is bigger than ne + i; similarly if s = n
and j > i. Hence
e−1∑
j=0
̟jΦne+i,j ≡ ̟
ne+iαnXq
ne+i−n
n,i + r
′
ne+i mod (̟
ne+i+1),
where r′ne+i ∈ O[Xm,l, 0 ≤ me + l < ne + i]. By the induction step
̟suq
ne+i−s
s ≡ ̟
stq
ne+i−s
s mod (̟
ne+i+1),
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for any 0 ≤ s ≤ ne + i− 1; hence
Φ′ne+i−1(u
q
0, . . . , u
q
ne+i−1) ≡ t
′
ne+i mod (̟
ne+i+1)
with t′ne+i ∈ O[Xm,l, 0 ≤ me + l < ne + i]. It follows then from the second equality
in (2.37) that
̟ne+iune+i ≡ ̟
ne+iαnXq
n(e−1)+i
n,i + r
′
ne+i − t
′
ne+i mod (̟
ne+i+1).
Further, since une+i has coefficients in O
′,
rne+i := ̟
−ne−i(r′ne+i − t
′
ne+i)
has coefficients in O′ and the claim is proved. 
3. Comparison result
Let O be a complete discrete valuation ring with residue field k = Fq and absolute
ramification e. Recall the Drinfeld map
u(Zp,O0) : WZp ×Zp Spec(O0)→WO0
with O0 =W (k). Consider now the base change to Spec(O) of e copies of this map
u˜ := (
e−1∏
i=0
u(Zp,O0) × idSpec(O)) :
e−1∏
i=0
WZp ×Zp Spec(O)→
e−1∏
i=0
WO0 ×O0 Spec(O).
This is a morphism of group schemes and indeed of ring schemes if we define mul-
tiplication component wise. However, we want to identify the scheme on the right
with the ring schemeW(O0,O) introduced in (2.27), so multiplication on the left hand
scheme should twist components. This is possible after restriction to special fibers.
Indeed for any k-algebra B, since W (B) is a W (k)-algebra, we may write
e−1∏
i=0
WZp,k(B) =
e−1∏
i=0
Wk(B) =
e−1∏
i=0
W (B) =W (B)⊗O0 O,
and define addition component wise and multiplication, as usual, via the Eisenstein
polynomial of π. Hence, by the content of Section 1, we conclude that the special
fiber of left hand scheme can be identified with the ring scheme RO and
u˜k : RO −→W(O0,O),k
is a morphism of O-algebra schemes over Spec(k).
Next we consider the morphism
u
(e)
(O0,O),k
: W(O0,O),k →WO,k
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induced on special fibers by the morphism u
(e)
(O0,O)
of Lemma 2.28. Finally we define
the morphism of O-algebra schemes
r : RO →WO,k
as the composition u
(e)
(O0,O),k
◦ u˜k. The main results on r follow now easily from what
we have proved in the previous section.
Proposition 3.1. Let O be a complete discrete valuation ring with residue field
k = Fq and absolute ramification e. Consider the morphism r : RO →WO,k defined
above. If A is a reduced (resp. semiperfect, perfect) k-algebra then r induces a homo-
morphism of O-algebras rA : RO(A) → WO(A) which is injective (resp. surjective,
bijective).
Proof. By Lemma 2.24 u(Zp,O0) (and thus u˜k) evaluated in a reduced (resp. semiper-
fect, perfect) k-algebra satisfies the indicated properties. Similarly for u(e) by Propo-
sition 2.29. Hence the conclusion by definition of r. 
Theorem 3.2. The morphism r : RO → WO,k defined above is a universal home-
omorphism, thus surjective, and it has pro-infinitesimal kernel. The induced mor-
phism rpf : RpfO →W
pf
O,k is an isomorphism.
Proof. The indicated properties hold for u
(e)
(O0,O),k
by Proposition 2.34 and for u(Zp,O0)
(and thus for u˜k) by Lemma 2.33. Hence the conclusion. 
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